Abstract. Direct Simulation Monte Carlo (DSMC) simulations are used to develop a shear-stress/velocity-slip boundary condition for Navier-Stokes (NS) simulations of low-speed isothermal Couette flow. In this boundary condition, the wall shear stress equals the product of the difference between the gas and wall velocities and a momentum transfer coefficient. This momentum transfer coefficient depends on two dimensionless parameters that determine its behavior in the nearcontinuum and transitional regimes, respectively. For a given gas, these parameters are determined by comparing the NS Couette-flow shear-stress expression to DSMC shear-stress values for free-molecular to near-continuum pressures with three values of the accommodation coefficient. The parameter values for argon, helium, nitrogen, air, and inverse-powerlaw (IPL) interactions from hard-sphere to Maxwell lie within narrow ranges. For the hard-sphere interaction, the DSMCbased results are in excellent agreement with previously published analytical approximations.
INTRODUCTION
Microelectromechanical systems (MEMS) often employ gears to transmit mechanical action ( Figure 1 , left [1] ).
Such gears can be 100-1000 µm in diameter and are separated from the adjacent motionless parallel substrate by a narrow gap 1-10 µm in height. When the gear rotates steadily, the gas within the gap away from the edges can be described approximately as locally being in Couette flow ( Figure 1 , right, offset so as to have zero average velocity). The different tangential velocities of the gear and the substrate produce a shear stress within the gas that produces a resistive torque on the gear. In ambient air, the molecular mean free path is about 0.06 µm, which is not negligible compared to the gap height, and at reduced pressures sometimes encountered in packaging, the mean free path is proportionally larger. Therefore, noncontinuum effects must be considered when computing the gas shear stress. Simple expressions for the shear stress encountered in noncontinuum Couette flow that interpolate between the free-molecular and continuum limits have been known for decades [2] . However, these expressions are less accurate in the transitional and near-continuum regimes and in particular do not account accurately for the noncontinuum effects in these regimes. In the following sections, Direct Simulation Monte Carlo (DSMC) [3] simulations are used to develop a boundary condition for Navier-Stokes (NS) simulations of Couette flow that produces accurate values of the shear stress in all flow regimes: continuum, near-continuum, transitional, and free-molecular.
NS BOUNDARY CONDITION FOR COUETTE FLOW
Most attempts to develop more accurate boundary conditions for NS simulations of Couette flow have involved including higher-order spatial derivatives of the gas velocity in the expression for the slip velocity, which is the difference between the wall and gas velocities [4, 5] , with the goal of producing accurate velocity profiles and shear stresses. This approach is not followed here. Instead, an approach like that of Gallis et al. [6] for heat transfer is followed. The basis of their approach is that, from an engineering point of view in MEMS design, it is of primary importance to accurately predict the gas-phase transfer of energy and momentum between the solid objects and only of secondary importance to accurately predict temperature and velocity profiles within the gas itself. Thus, they equate the conduction heat flux in the gas adjacent to a solid object (a "wall") to the product of the difference between the solid and gas temperatures and a heat transfer coefficient prescribed to produce the correct behavior in all limiting regimes. They show that this approach produces accurate heat fluxes but only approximate temperature profiles in the gas. The same type of approach is followed here for gas-phase momentum transfer in Couette flow. Thus, the wall shear stress wall τ is taken to be equal to the product of the difference between the gas and wall tangential velocities, v and wall V , respectively, and a momentum transfer coefficient k , which is defined to depend on the tangential momentum accommodation coefficient σ , the system Knudsen number Kn , and two positive order-unity dimensionless parameters 1 d and 2 d :
Here, L is the wall separation (Figure 1 ), λ is the mean free path (as defined here), µ is the viscosity, 0 c is half the mean molecular speed c , ρ is the mass density, p is the pressure, T is the temperature, m is the molecular mass, and B k is the Boltzmann constant. This boundary condition has the following limits in the indicated regimes:
For free-molecular flow with arbitrary accommodation ( Kn 1 ( )
DSMC SIMULATIONS OF NONCONTINUUM COUETTE FLOW
DSMC simulations are performed for the Couette-flow geometry shown in Figure 1 with physical and numerical parameters shown in 
In all cases, the wall separation is 1 mm, the wall velocities are ±10 m/s, the accommodation coefficient is one of 1.00, 0.50, or 0.25, and the pressure is one of 13 values distributed approximately logarithmically between 10 Pa . Thus, the gas velocities are extremely small compared to the mean molecular speed, so viscous heating is very small, and the flows are nearly isothermal. In all simulations, the cell size is smaller than the mean free path, the time step is smaller than the collision time, the average move is smaller than the cell size, and the time at which steady-state averaging is begun is much larger than the ballistic time and the maximum diffusion time. Two sets of simulations are performed. In the first, argon, helium, nitrogen, and air with properties from Bird [3] are examined. In the second, a gas with the mass and reference viscosity of argon but with different values of the VSS parameters ω and α is examined, where ω is varied from 0.5 (the hard-sphere interaction) to 1.0 (the Maxwell interaction) in increments of 0.1 and α is assigned either the Variable Hard Sphere (VHS) value of 1.0 or the Inverse-Power-Law (IPL) value [7] , which varies from 1.0 to 2.13986 over the above range for ω . Figure 2 (left) shows velocity fields from the first set of DSMC simulations for argon with unity accommodation and properties from Table 1 . At the highest pressure, the velocity profile is linear with small discontinuities at the walls, as expected for near-continuum flow, whereas, at the lowest pressure, the velocity profile is nearly zero, as expected for free-molecular flow. Figure 2 (right) shows the corresponding NS velocity profiles based on Equation (3) for parameter values of 1 0.164 d = and 2 0.568 d = , which are determined in the following manner. Figure 3 (upper left, circles) shows the shear-stress values corresponding to the DSMC argon velocity profiles with unity accommodation (shown in Figure 2 ) and with non-unity accommodation (not shown in Figure 2 , but qualitatively similar). Additionally, Figure 3 (upper left, curves) shows the argon shear-stress values from the NS expression, Equation (3), for which the parameters 1 d and 2 d have been adjusted so that the logarithms of the NS values achieve the best match to the logarithms of the DSMC values in the least-squares sense. The parameter values thus determined for argon, 1 0.164 d = and 2 0.568 d = , are shown in the lower-right corner of the shear-stress plot. From Figures 2 and 3 , the shear-stress values are seen to be more accurately represented than the velocity profiles. Figure 3 also shows the results from this procedure for the other three gases considered: helium (upper right), nitrogen (lower left), and air (lower right). The parameters for all four gases lie within narrow ranges that are similar to the uncertainties estimated from the fits, Given the narrow ranges of values for the parameters 1 d and 2 d , a second set of DSMC simulations is performed to quantify the dependence of these parameters on the VSS parameters ω and α . Figure 4 (left) shows the values of α vs. ω for common gases from Bird [3] and the corresponding VHS and IPL values [7] , which are seen to bound the values for common gases. Therefore, this second set of simulations uses the argon properties of Table 1 except that ω is varied from 0.5 to 1.0 and α is assigned to either the VHS value or the IPL value. Table 1 ). The helium 2 d value is slightly higher than most of the other 2 d values, but the difference is similar to the uncertainty. would produce a variation in the DSMC values comparable to the variation observed between the six approximations presented in Siewert and Sharipov [8] . [8] for the momentum transfer coefficient of a hard-sphere gas.
CONCLUSIONS
The Direct Simulation Monte Carlo (DSMC) method is used to simulate isothermal low-speed steady Couette flow from almost free-molecular to near-continuum conditions for several values of the accommodation coefficient. Navier-Stokes (NS) shear-stress values based on a shear-stress/velocity slip boundary condition are compared to the corresponding DSMC values to determine the best-fit values for the two dimensionless parameters in this boundary condition. For argon, helium, nitrogen, air, and all VHS and IPL gases represented by the VSS interaction, the values of these parameters lie within narrow ranges comparable to the uncertainties in their values. The value of one of these parameters is in good agreement with values obtained from analytical approximations for the hard-sphere interaction. The resulting boundary condition is suitable for NS simulations of Couette flows in MEMS geometries, and the corresponding closed-form expression for the wall shear stress is suitable for estimating the gas-phase torque on rotating MEMS gears or the gas-phase force on sliding parallel MEMS parts.
